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Hermitian Forms, Full Rings, and von Neumann Regular Matrices 




At the last Dublin matrix conference (October 1980) and in more detail in 
[3] we reviewed, from a matrix viewpoint, the isometry classification problems 
for quadratic and Hermitian forms over fields and division algebras. Here we 
discuss these kinds of forms over more general rings. We do not attempt any 
kind of survey, but simply mention a couple of approaches of potential 
interest to matrix theorists. 
1. Full Rings 
Motivated by the matrix-theoretic proof of the diagonalizability of 
quadratic forms over fields, McDonald and Hershberger [4] define the notion 
of a full ring (a ring which is full of units in a certain sense). Their definition 
goes as follows: Let R be a commutative ring in which 2 is a unit. Then R is 
said to full if it is n-futl for each positive integer n, where n-full means that 
given 2n + 1 elements (Y, pi,. . . , /I,, a,,. . ., 6, of R, such that the ideal 
generated by these elements is all of R, there exist o,, . . . , w, in R such that 
cx + Cl= ,p,w, + Xr= iSioF is a unit of R. They show that many familiar classes 
of ring satisfy this. In particular, local and semilocal rings, von Neumann 
regular rings, and zerodimensional rings are all full. 
They prove that any nonsingular symmetric bilinear form +: M X M + R 
(M being a free R-module of rank n and nonsingular meaning that the map 
M -+ Horn&M, R), m + h( m, .) is bijective) has a diagonal matrix represen- 
tation. In matrix terms, any nonsingular symmetric n X n matrix with entries 
in R is congruent to a diagonal matrix, i.e., there exists an invertible n X n 
matrix P such that P’AP is diagonal. The idea of the proof is to do exactly as 
in the field or skewfield case; see [3, pp. 249-2501. As long as the top 
left-hand comer entry of A is a unit, then a congruence transformation and 
an induction argument complete the proof. In order to obtain this, the proof 
in [4] starts by using the fact that the form is nonsingular and the definition of 
full ring to make the (1,2) entry of A into a unit via a congruence 
transformation. Then, another congruence transformation, again using the 
definition of full, leads to a matrix whose (1,l) entry is a unit. 
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It would seem that it is possible to extend the definition of full ring to the 
situation of a not necessarily commutative ring with involution. (By an 
involution we mean an antiautomorphism of period less than or equal to two.) 
We suggest the following definition: Let R be a ring with involution in which 
2 is a unit. R is full if it is n-full for each positive integer n, where n-full 
means that given any 2n + 1 elements OL, pi,. . . , &,, a,, . . . ,6, of R such that 
these elements together with their image under the involution generate all of 
R, there exist elements wi,os,...,o, in R such that c~+Z+C~==,(p,w~ 
+/3iwi)+~~=lWiSiwi is a unit (- denotes the involution). The diagonalization 
proof goes through in a similar way to the above, except that this time we 
make the (1,2) entry to be b,, where b,, + his is a unit, instead of b,, itself 
being a unit. In matrix terms diagonalization means of course that for 
nonsingular A with A = z there exists P with P’AP diagonal. 
In [4], where McDonald and Hershberger deal exclusively with commuta- 
tive rings, the definition of full enables a lot of the basic theory of nonsingular 
symmetric bilinear forms and their orthogonal groups to be developed, e.g. a 
Witt cancellation theorem, generators for the orthogonal group, etc. The same 
authors, in [5], go on to describe the Witt ring of nonsingular symmetric 
bilinear forms over a full ring in the commutative case. Under our proposed 
definition of full for noncommutative rings with involution, we have shown 
that diagonalizability of forms works. It is possible that a lot of the other 
results of [4, 51 may go through also, but we have not examined that. Another 
question to consider would be whether or not any particular classes of 
noncommutative rings with involution satisfy our definition. For example, are 
noncommutative von Neumann regular rings with involution full under our 
definition? 
2. Von Neumann Regular Matrices 
Let R be a ring with involution (R not necessarily commutative). Con- 
sider Hermitian forms h: M x M + R, M being an R-module. Kanzaki [l] 
adopts a matrix approach to such forms by taking a generating set { m, } for 
M (possibly infinite) and forming the matrix h(mi, mj). The form h is 
nonsingular if M + Horn,,, M, R), m -+ h(m, -) is bijective. If h is nonsingu- 
lar and { mi} is a finite set with n elements, then H = (h(mi, mj)) is an n X n 
Hermitian matrix, and it turns out that M is isomorphic to R”H, R” being 
n-tuples of elements of R written as rows. [The isomorphism is given by 
M -+ R”H, Ca imi + (ai)H. The nonsingularity ensures that this is a well-de- 
fined isomorphism.] 
If, and only if, M is projective, Kanzaki shows that H must be 
von Neumann regular in the sense that there exists an n x n matrix K with 
HKH = H. (For skewfields, and indeed semisimple rings, all matrices are 
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von Neumann regular, and so it is only for more general rings that this has 
much significance.) 
Given an n X n Hermitian von Neumann regular matrix H, then there is a 
welldefined nonsingular Hermitian form R"H x R"H + R, ((a,)H, (hi)H) 
+ CIGzihijbj [where H = (hii)], R"H being a projective R-module. Denote 
this form by (H). Kanzaki shows that every finitely generated projective 
nonsingular Hermitian R-module is isometric to (H) for some finite 
von Neumann regular matrix H. The isometry problem may be formulated in 
matrix terms as follows: (H,) and (H,) are isometric if there exist matrices 
L, L' of size n, X nZ, n2 x n 1 respectively (where H, is n, X n,, i = 1,2), such 
that 
LH&'=H,, LL'H,=H,, L'LH,= H,. 
(Note that the first equation is the usual congruence one; the other two are 
needed to induce isomorphisms between R"lH, and R"l*H,.) This matrix 
problem does not seem all that tractable. 
Also in [l], matrix criteria for (H) to be hyperbolic and metabolic are 
given, and in addition a matrix description of the orthogonal group of (H) is 
presented. 
An application of the methods of [l] appears in [2]. 
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